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Abstract 

In the context of A = 8 supergravity we construct the general form of BPS 0-branes that preserve 
either 1/2 or 1/4 of the original supersymmetry. We show how such solutions are related to suitable 
decompositions of the 70 dimensional solvable Lie algebra that describes the scalar field sector. We 
compare our new results to those obtained in a previous paper for the case of 1/8 supersymmetry pre- 
serving black holes. Each of the three cases is based on a different solvable Lie algebra decomposition 
and leads to a different structure of the scalar field evolution and of their fixed values at the horizon 
of the black hole. 
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1 Introduction 



Recent attempts to study the non-perturbative properties of gauge and string theories have 
made an essential use of the low energy supergravity lagrangians encoding their global and 
local symmetries. In this analysis, the BPS saturated states play an important role, and 
the interpretation of the classical solutions as states belonging to the non-perturbative string 
spectrum JjJ , has found strong support with the advent of D-branes [[| , allowing the direct 
construction of the BPS states. 

In virtue of several non-perturbative dualities between different string models, a given 
supergravity theory is truly specified by the dimension of space-time, the number of unbroken 
supersymmetries and the massless matter content. 

Each supergravity theory can be formulated in terms of a non-compact form of the group 
G = -Eii-D under which the p-forms in the theory transform in a suitable representation. The 
scalar fields parametrize the coset Eu^d/H, H being the maximal subgroup of Eh-d- It is 
now well known [f§] that the discrete version £ , n_£ ) (z), is the U-duality group unifying S and 
T-dualities and is supposed to be an exact symmetry of non-perturbative string theory. 

From an abstract viewpoint, BPS saturated states are characterized by the fact that they 
preserve a fraction of the original supersymmetries. This means that there is a suitable projec- 
tion operator P 2 BPS = Pbps acting on the supersymmetry charge Qsusy, such that: 

(PbpsQsusy) I BPS >=0. (1) 

Supersymmetry representation theory implies that it is actually an exact state of non- 
perturbative string theory. Moreover, the classical BPS state is by definition an element of a 
short supermultiplet and, if supersymmetry is unbroken, it cannot be renormalized to a long 
supermultiplet. 

Since the supersymmetry transformation rules are linear in the first derivatives of the fields, 
eq.(|l]) is actually a system of first order differential equations that must be combined with the 
second order field equations of supergravity. The solutions common to both system of equations 
are the classical BPS saturated states. 

This paper investigates the most general BPS saturated black hole solutions of D = 4 
supergravity preserving 1/2 or 1/4 of the N = 8 supersymmetry (thus, in our case 

the scalar fields span the coset space E 7 ^/SU(8)). This is achieved along the same lines 
of previous work on the 1/8 case pi, where the content of dynamical fields and charges was 
identified, but an explicit solution was given only by setting to zero the axion fields. Here we 
will find a complete solution corresponding to a specific configuration of the scalar fields and 
charges. This particular configuration is obtained by performing G and H transformations in 
such a way that the quantized and central charges are put in the normal frame. Once the 
solution is obtained, we can recover the most general one by acting on the charges and the 
scalar fields by the U-duality group. 

In terms of the gravitino and dilatino physical fields ipA^, Xabc, A,B,C = 1,...,8, equation 
([[]) is equivalent to 

de^Afi = SeXABC = (2) 
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whose solution is given in terms of the Killing spinor 6a(x) subject to the supersymmetry 
preserving condition 



7°e a = iC ab e b ; a, b = 1, . . . , n max 
ex = 0; X — n max , . . . , 8 
A = {a,X} 

where n max is twice the number of unbroken supersymmetries. 
In the present context, eq.(^) has two main features: 

1. It requires an efficient parametrization of the scalar field sector. The use of the rank 7 
Solvable Lie Algebra (SLA) Solv? associated with E^/SU(8) is of great help in this 
problem. 

2. It breaks the original SU(8) automorphism group of the supersymmetry algebra to the 
subgroup H = Usp(n max ) x SU(8- n max ) x U(l) 

Indeed, SLA's are quite useful in the construction of BPS saturated black hole solutions 
since they provide us with an efficient tool for decomposing the scalar sector parametrizing 
in a way appropriate to the decomposition of the isotropy subgroup SU(8) with respect 

to the subgroup H C SU(8) leaving invariant the Killing condition on the supersymmetry 
parameters. 

The relevant decomposition also yields an answer to the fundamental question: How many- 
scalar fields are essentially dynamical, namely cannot be set to constants up to U-duality 
transformations ? 

The answer is provided in terms of the SLA description of the scalar fields, whose evolution 
from arbitrary values at infinity to fixed values at the horizon is best understood and dealt 
with when the scalars are algebraically characterized as the parameters associated with the 
generators of the SLA. Infact, an SLA Solv (G/H) is associated with every non-compact ho- 
mogeneous space and so in particular with £7(7) / SU (8) . The scalar fields are in one-to-one 
correspondence with the generators of the SLA. 

Once the charges are reduced to the normal frame, we consider the stabilizer G s t a b C E^r?) 
leaving the charge configuration invariant, and its normalizer group G norm . Considering its max- 
imal compact subgroup H norm C G norm we obtain a solvable Lie algebra Solv norm {G norm / H norm ) 
which is a subalgebra of Solv \E^/SU (8)) . The corresponding scalar fields are the essentially 
dynamical ones up to U-duality transformations. The remaining scalar fields are either gauge- 
fixed to zero by putting the vector of quantized charges into normal form or they belong to 
Hnorm and are thus ineffective. 

After completing such decomposition in terms of SLA's we use the group theoretical struc- 
ture of the Killing spinor equations in order to decompose them into fragments of the SU(8) 
subgroup H . This analysis is completely consistent with the results based on the SLA's and 
we are left with a set of first order equations on the surviving scalar fields and electromagnetic 
field strengths. At this point one uses the U-duality group theoretical construction of the coset 
representative and the kinetic matrix of the vectors explained in || to compute the geometrical 



2 



objects appearing in the Killing spinor equations. This also allows us to compute the truncated 
bosonic lagrangian for the model reduced to the essential degrees of freedom and enjoying 1/2 
or 1/4 of the original supersymmetry. Coupling Killing spinor first order differential equation 
with the second order equations of motion we find solutions for both. Actually the reduced 
lagrangian obtained in this way were already known and well studied in the literature and our 
solution fit nicely in the general scheme studied in ref . 
The paper is organized as follows: 

In section 2 we give a preliminary discussion of the N = 8 BPS black holes. Using the 
results of ref [10] we discuss the stabilizer and normalizer group for the charges reduced to 
normal form. Furthermore, we give a the SLA decompositions in the 1/2 and 1/4 case and 
we quote the results obtained from the detailed study of the Killing spinor equations as far as 
the content of physical fields and charges is concerned. For completeness we also discuss the 
analogous results obtained in ref. || in the 1/8 case. 

In section 3 we give a short resume' of the group theoretical structure of N = 8 supergravity 
in our conventions and the definition of the central and quantized charges. 

In section 4 we analyse the decomposition of the Killing spinor equations under the group 
H in the 1/2 case and compute explicitly the U- duality coset representative and the associated 
metric for the surviving vector field. This enables us to recover the reduced Lagrangian and 
to identify it as a well known model studied in the literature. Furthemore we also give an 
alternative approach to the 1/2 case using the Dynkin formalism for the determination of the 
relevant physical quantities. 

In section 5 the same kind of analysis is given for the 1/4 case:in particular we show how 
our Lagrangian and solution fits in the so called "p-brane taxonomy of ref. [[]]. 

In section 6 we give the conclusions. 



2 N=8 BPS black holes: a general discussion 

The D = 4 supersymmetry algebra with N = 8 supersymmetry charges is given by 

{Qa*,Qbp} = i(C7")ctf P^ab ~ C aP 7L AB 
(A,B = 1,...,8) 



(3) 



where the SUSY charges Q A = Q A jo = Q A C are Majorana spinors, C is the charge conjugation 
matrix, is the 4-momentum operator and the antisymmetric tensor ~H- A b = —~%-ba is the 
central charge operator. It can always be reduced to normal form 



(eZ x 








° ^ 





eZ 2 














eZ 3 





V o 








eZj 



(4) 



where e is the 2x2 antisymmetric matrix, (every zero is a 2 x 2 zero matrix) and the four skew 
eigenvalues Zi of 1L A b are the central charges. 
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Consider the reduced supercharges: 

7: (QaIo^^abQb) ! A B = 1, . . . ,n max 

Z \ /a 

A > (5) 

where Cab is the invariant symplectic metric (C = — C T , C 2 = —1). They can be re- 
garded as the result of applying a projection operator to the super symmetry charges: S A — 
Q B JP^ A , where F BA = ~ (15b a ± 1C_ba7o)- 111 the rest frame where the four momentum is 
=(M, 0,0,0), we obtain the algebra: {sj , S^} = ±C AC CP^ B (M^Zi) 5 U and the BPS 
states that saturate the bounds (M ± Zj) |BPS,z) = are those which are annihilated by the 
corresponding reduced supercharges: 

S A |BPS ,i) = (6) 

Eq.(j^) defines short multiplet representations of the original algebra (0) in the following sense: 
one constructs a linear representation of (|3|) where all states are identically annihilated by 
the operators S A for A = 1, . . . ,n max . If n max = 2 we have the minimum shortening, if 
n-max — 8 we have the maximum shortening. On the other hand eq.(@) can be translated into 
first order differential equations on the bosonic fields of supergravity whose common solutions 
with the ordinary field equations are the BPS saturated black hole configurations. In the case 
of maximum shortening n max = 8 the black hole preserves 1/2 supersymmetry, in the case of 
intermediate shortening n max = 4 it preserves 1/4, while in the case of minimum shortening it 
preserves 1/8. 



Aa — 

- 



2.1 The Killing spinor equation and its covariance group 

In order to translate eq.@ into first order differential equations on the bosonic fields of super- 
gravity we consider a configuration where all the fermionic fields are zero and we set to zero 
the fermionic SUSY rules appropriate to such a background 

= 5fermions = SUSY rule (bosons, e A j) (7) 

and to a SUSY parameter that satisfies the following conditions: 

£ M 7a* e A = iC A Bt B ; A, B = 1, . . . ,n max ^ 
£a = ; A > n max 

Here £ M is a time-like Killing vector for the space-time metric ( in the following we just write 
£ M 7 M = 7 ) and e^, e A denote the two chiral projections of a single Majorana spinor: 75 €a = (-a 
, 75 e A = —e A We name eq.(0) the Killing spinor equation and the investigation of its group- 
theoretical structure was our main goal in ref || . There we restricted our attention to the case 
n ma x = 2: here we considere the other two possibilities. 

To appreciate the distinction among the three types of iV = 8 black-hole solutions we need 



to recall the results of [|10| where a classification was given of the 56-vectors of quantized electric 
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and magnetic charges Q characterzing such solutions. The basic argument is provided by the 
reduction of the central charge skew-symmetric tensor ~2-ab to normal form. The reduction 
can always be obtained by means of local SU(8) transformations, but the structure of the 
skew eigenvalues depends on the orbit-type of the 56-dimensional charge vector which can be 
described by means of its stabilizer subgroup G sta b(Q) C E 7 / 7 y. 

9 e G stab {Q) c E 7{7) gQ = Q (9) 

There are three possibilities: 

SUSY Central Charge Stabilizer = G sta b Normalizer = G norm 

1/2 Z\ = Z 2 = Z% = Z^ 

1/4 Z X = Z 2 ^Z Z = Z 4 

1/8 Z x ± Z 2 ± Z 3 ^ Z 4 



#6(6) 0(1,1) 

50(5,5) 3L(2,M) x 0(1,1) 

50(4,4) SL(2,1R) 3 



(10) 



where the normalizer G norm (Q) is defined as the subgroup of E 7 t 7 \ that commutes with the 
stabilizer: 

[Gnorm 1 G sta b\ = (11) 

The main result of is that the most general 1/8 black-hole solution of iV = 8 supergravity 
is related to the normalizer group SL(2, 1R) 3 . In this paper we show that analogous relations 
apply also to the other cases. 

2.1.1 The 1/2 SUSY case 

Here we have n max = 8 and correspondingly the covariance subgroup of the Killing spinor 
equation is Usp(8) C SU(8). Indeed condition (|8|) can be rewritten as follows: 

1 °e A = iC AB e B ; A,B = 1,. ..,8 (12) 

where Cab = —Cba denotes an 8 x 8 antisymmetric matrix satisfying C 2 = —1. The group 
Usp(8) is the subgroup of unimodular, unitary 8x8 matrices that are also symplectic, namely 
that preserve the matrix C. Relying on eq. (0) we see that in the present case G sta b = -^6(6) 
and G norm = 0(1, 1). Furthermore we have the following decomposition of the 70 irreducible 
representation of SU(8) into irreducible representations of Usp(8): 

70 U J*<$ 42 © 1 © 27 (13) 

We are accordingly lead to decompose the solvable Lie algebra as 

Solv 7 = Solv 6 © 0(1, 1) © D 6 (14) 
70 = 42 + 1 + 27 (15) 
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where, following the notation established in [HI |T2f: 



S0IV7 



Solve 



dim Solv-f 
dim Solve 



= So/v 


' £7(7) \ 




^ 517(8); 




= So/f 


^ #6(6) \ 




yUs P (s)J 




= 70 ; 


rank Solvj 


= 7 


= 42 ; 


rank S'oZf k 


= 6 



(16) 



In eq.(H) Solve is the solvable Lie algebra that describes the scalar sector of D = 5, iV = 8 
supergravity, while the 27-dimensional abelian ideal JDe corresponds to those D = 4 scalars 
that originate from the 27-vectors of supergravity one-dimension above ||12|| . Furthermore, 
we may also decompose the 56 charge representation of #7(7) with respect to 0(1, 1) x Ee(e) 
obtaining 

56 ^ (1, 27) ©(1,27) ©(2,1) (17) 

In order to single out the content of the first order Killing spinor equations we need to de- 
compose them into irreducible Usp(8) representations. The gravitino equation is an 8 of SU (8) 
that remains irreducible under Usp(8) reduction. On the other hand the dilatino equation is a 
56 of SU (8) that reduces as follows: 



56 ^ 48 
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Hence altogether we have that 3 Killing spinor equations in the representations 8, 8' , 48 con- 
straining the scalar fields parametrizing the three subalgebras 42, 1 and 27. Working out the 
consequences of these constraints and deciding which scalars are set to constants, which are 
instead evolving and how many charges are different from zero is the content of section f|. As it 
will be seen explicitly there the content of the Killing spinor equations after Usp(8) decomposi- 
tion, is such as to set to a constant 69 scalar fields parametrizing Solve®^De thus confirming the 
SLA analysis discussed in the introduction: indeed in this case G norm = 0(1, 1) and H norm = 1, 
so that there is just one surviving field parametrising G norm = 0(1,1). Moreover, the same 
Killing spinor equations tell us that the 54 belonging to the two (1,27) representation of eq. 
(|17D are actually zero, leaving only two non- vanishing charges transforming as a doublet of 
0(1,1). 

2.1.2 The 1/4 SUSY case 

Here we have n max = 4 and correspondingly the covariance subgroup of the Killing spinor 
equation is Usp(4:) x SU(4:) x U{\) C SU{8). Indeed condition (f|) can be rewritten as 
follows: 



7° e a 



iC ab e b 
0; X 



i a, b 
5 



1,. 



(19) 
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where C a b = — C& a denotes a 4 x 4 antisymmetric matrix satisfying C 2 = —1. The group U sp(4) 
is the subgroup of unimodular, unitary 4x4 matrices that are also symplectic, namely that 
preserve the matrix C. 

We are accordingly lead to decompose the solvable Lie algebra as follows. Naming: 



SoIvq = Solv 



Solvr = Solv 



( SL(2,R) \ 

\ u(i) ) 

( 50(6,6) 



we can write: 



SO (6) x SO (6) J 
dim Solvs = 2 ; rank Solv s = 1 
dim Solvr = 36 ; rank SoIvt = 6 

(20) 



Solv 7 = Solv s © Solv T © W 32 (21) 
70 = 2 + 36 + 32 . (22) 



As shown in ref. [fLl"|] , |fL2| , the SLA's Solvs and SoIvt describe the dilaton-axion sector and 



the six torus moduli, respectively, in the interpretation of AT = 8 supergravity as the compact- 
ification of Type IIA theory on a six-torus T 6 [[HJ. The rank zero abelian subalgebra W32 is 
instead composed by Ramond-Ramond scalars. 

Introducing the decomposition ([21]), ( |2"2"D we have succeeded in singling out a holonomy 
subgroup 517(4) x SU{A) x 17(1) C SU(8). Indeed we have SO(Q) = SU{A). This is a 
step forward but it is not yet the end of the story since we actually need a subgroup Usp{4) x 
SU (4) X £7(1) corresponding to the invariance group of equation (0). This means that we must 
further decompose the SLA SoIvt- This latter is the manifold of the scalar fields associated with 
vector multiplets in an JV = 4 decomposition of the = 8 theory. Indeed the decomposition 
(|2lD with respect to the S-T-duality subalgebra is the appropriate decomposition of the scalar 
sector according to = 4 multiplets. 

The further SLA decomposition we need is : 

SoIvt = SoIvt5 © SoIvti 

50(5,6) \ 



SoIvt5 = Solv 
SoIvti = Solv 



SO (5) x SO (6) t 
'50(1, 6)\ 



50(6) 



(23) 



where we rely on the isomorphism Usp(A) = 50(5) and we have taken into account that the 
70 irreducible representation of SU(8) decomposes with respect to ?7sp(4) x 5£/(4) x £7(1) as 
follows 
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70 Usm X ^i 4) X m (l, 1, 1 + T) © (5, 6, 1) © (1, 6, 1) © (4, 4, 1) © (4, 4, 1) (24) 

Hence, altogether we can write: 

Solv 7 = Solvs © Solvx5 © SoIvti © W32 

70 = 2 + 30 + 6 +32 (25) 

Just as in the previous case we should now single out the content of the first order Killing 
spinor equations by decomposing them into irreducible Usp(A) x SU(A) x U(l) representations. 
The dilatino equations Sxabc = 0, and the gravitino equation Sip a — 0, A,B,C = 1,...,8 
(SU(8) indices), decompose as follows 

56 Us ^ Su ^ (4, 1) © 2(1, 4, ) © (5, 4) © (4, 6) (26) 

8 ^ (4) (4,1) ©(1,4,) (27) 

As we shall see explicitly in section |5], the content of the reduced Killing spinor equations is 
such that only two scalar fields are essentially dynamical all the other being set to constant up to 
U- duality transformations. Moreover 52 charges are set to zero leaving 4 charges transforming 
the (2,2) representation of 5/(2, IR) x 0(1,1). Note that in the present case on the basis of 
the SLA analysis given in the introduction, one would expect 3 scalar fields parametrising 
Gnorm/ H norm = S ^(^ x 0(1,1); however the relevant Killing spinor equation gives an extra 

reality constraint on the ^Tpp field thus reducing the number of non trivial scalar fields to 
two. 



2.1.3 The 1/8 SUSY case 

Here we have n max = 2 and Solv-/ must be decomposed according to the decomposition of 
the isotropy subgroup: SU(8) — > SU{2) x U(6). We showed in || that the corresponding 
decomposition of the solvable Lie algebra is the following one: 

Solv 7 = Solv 3 © Solvi (28) 

Solv 3 = Solv{SO*{l2)/U{<o)) Solv 4 = Solv (E m /SU(2) x 577(6)) 

rank Solv^ = 3 rank Solv^ = 4 (29) 

dim Solv 3 = 30 dim Solv^ = 40 

The rank three Lie algebra Solv^ defined above describes the thirty dimensional scalar sector 
of N = 6 supergravity, while the rank four solvable Lie algebra Solv^ contains the remaining 
forty scalars belonging to iV = 6 spin 3/2 multiplets. It should be noted that, individually, 
both manifolds exp [5oZt>3] and exp [50/^4] have also an N = 2 interpretation since we have: 

exp [Solv 3] = homogeneous special Kahler 

exp [5o/f 4 ] = homogeneous quaternionic (30) 
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so that the first manifold can describe the interaction of 15 vector multiplets, while the second 
can describe the interaction of 10 hypermultiplets. Indeed if we decompose the N = 8 graviton 
multiplet in N = 2 representations we find: 

N=8spin 2 — > spin 2 + 6 x spin 3/2 + 15 x vect. mult. + 10 x hypermult. (31) 
Introducing the decomposition ( 28|) we found in || that the 40 scalars belonging to Solv^ 



are constants independent of the radial variable r. Only the 30 scalars in the Kahler algebra 
Solvs can be radial dependent. In fact their radial dependence is governed by a first order 
differential equation that can be extracted from a suitable component of the Killing spinor 
equation. The result in this case is that 64 of the scalar fields are actually constant while 6 are 
dynamical Moreover 48 charges are annihilated leaving 6 nonzero chargs transforming in the 
representation (2,2,2) of the normalizer G norm = [Sl(2, H)] 3 . More precisely we obtained the 
following result. Up to U-duality transformations the most general N = 8 black-hole is actually 
an iV = 2 black-hole corresponding to a very specific choice of the special Kahler manifold, 
namely exp[Solv 3 ] as in eq.(pOD,(|29|). Furthermore up to the duality rotations of SO* (12) this 



general solution is actually determined by the so called STU model studied in |L3| and based 
on the solvable subalgebra: 

Solv (^^) C Solv 3 (32) 

In other words the only truly indipendent degrees of freedom of the black hole solution are 
given by three complex scalar fields, S, T, U . The real parts of these scalar fields correspond 
to the three Cartan generators of Solv% and have the physical interpretation of radii of the 
torus compactification from D = 10 to D = 4. The imaginary parts of these complex fields are 
generalised theta angles. 



3 Summary of N = 8 supergravity. 



We first establish the relevant definition and notation (for further details see |14| , |J and for a 



(7)7 



general review on the duality formalism [|15] ) We introduce the coset representative 1L of S[f ^ 
in the 56 representation of E^: 



/ f + ih 



\f-ih 



f + ih 



(33) 



f-ih 



where the submatrices (h, f) are 28 x 28 matrices indexed by antisymmetric pairs A, S, A, B 
(A, E = 1, . . . , 8; A, B — 1, ... ,8) the first pair transforming under E^ 7 and the second one 
under SU (8): 



(h,f) = (h 



ME 
AS|AS, J AB 



(34) 
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Note that IL £ Usp (28, 28). The vielbein Pabcd and the Si7 (8) connection f2 A B of are 

\ 

(35) 



where Pabcd = PABCD,ad§ a (a = 1, . . . , 70) is completely antisymmetric and satisfies the 
reality condition 



computed from the left invariant 1-form IL 1 dTL: 






1 [C iJ D] 


-pABCD 


IL-^IL = 


\ Pabcd 


r [C^ D] 

°[A B] 



Pabcd — —^abcdefghP 



24 



(36) 



The bosonic lagrangian of N = 8 supergravity is [16 



C = jv/^ 4 x(WlmA/; S |rAV^ 



+ -Re AT AS | rA ^=F, 

2 J^g 



AS rpTA 
fiu pa 



cb 



where the curvature two-form is defined as 

R ah = duU ah -U a c n .c . 

and the kinetic matrix A/As|rA is given by: 

A/" = hf 1 — > A//VE|rA = ^-as|ab/ _1 "ta- 



(37) 



(38) 



(39) 



The same matrix relates the (anti) self-dual electric and magnetic 2- form field strengths, namely, 
setting 

1 (F ± i * F) Alj (40) 



^p± AS _ 1 / n , • . ttaAS 

2 



one has 



G 
G 



AT 



AS|rA-« 



AS 



Mi 



AS|rA-* 



ta 



i+ TA 



(41) 



where the "dual" field strengths G AS are defined as G AE = | x F 5 ±kv ■ Note that the 56 dimen- 
sional (anti) self-dual vector (j 7 ^ AS ,G' A2 ^ transforms covariantly under U £ Sp(56, R) 



17 



G 



G' 



17 



A B 
C D 



A l C - C l A = 
- D l B = 
A*D - C l B = 1 



(42) 
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The matrix transforming the coset representative IL from the Usp (28, 28) basis, eq. (|33|) , to the 
real Sp (56, IR) basis is the Cayley matrix: 



IL,,,,: C'LypC" 1 C=(\ l \) (1.3) 



implying 



h = ^=(C-ifl) (44) 

Having established our definitions and notations, let us now write down the Killing spinor 
equations obtained by equating to zero the SUSY transformation laws of the gravitino ipAn and 
dilatino Xabc fields of N = 8 supergravity: 

6 X abc = 4i P AB CD\idp&'fe D - ST^Y^c] + ■ ■ ■ = (45) 
= - \ T^ pa Y u l,e B + . . . = (46) 

where the dots denote unessential trilinear fermion terms, denotes the derivative covariant 
both with respect to Lorentz and SU (8) local transformations 

V M e A = d^A - -^ ab u ab e A - n A B e B (47) 

and where T A J is the "dressed graviphoton"2— form, defined as follows 

Tab = (h&£AB (<&) F~ AS - f^ AB ($) (48) 
From equations (|39|) , (|4l| ) we have the following identities: 

Tab — ~~ *• ^ab = Tab T ab = — > = 
Note that the central charge is defined as 

^AB = ^ = h^ABd^ — / A AB e AS (49) 

where the integral of the two-form Tab is evaluated on a large two-sphere at infinity and the 
quantized charges (eAs, <7 AS ) are defined by 

,ae _ f r AS 



9 - 7„*° 



Cae = / Af AE |rA*F rA (50) 
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4 Detailed study of the 1/2 case 



As established in [[K|], the N = 1/2 SUSY preserving black hole solution of iV = 8 supergravity 



has 4 equal skew eingenvalues in the normal frame for the central charges. The stabilizer of the 
normal form is £7(6,6) an d the normalizer of this latter in Erm is O (1, 1): 

fi (v) D% 6) xO(l,l) (51) 

According to our previous discussion, the relevant subgroup of the SU (8) holonomy group is 
Usp (8), since the BPS Killing spinor conditions involve supersymmetry parameters €a, £ A satis- 
fying eq.(|12|). Relying on this information, we can write the solvable Lie algebra decomposition 



,(|15l) of the a— model scalar coset 



SU(8) ■ 

As discussed in the introduction, it is natural to guess that modulo U — duality transforma- 
tions the complete solution is given in terms of a single scalar field parametrizing 0(1,1). 

Indeed, we can now demonstrate that according to the previous discussion there is just one 
scalar field, parametrizing the normalizer O (1, 1), which appear in the final lagrangian, since 
the Killing spinor equations imply that 69 out of the 70 scalar fields are actually constants. In 
order to achieve this result, we have to decompose the SU (8) tensors appearing in the equations 
fl45D , (|46D with respect to Usp (8) irreducible representations. According to the decompositions 

70 ^ (8) 42©27©1 

28 ^ (8) 27 ©1 (52) 

we have 

o 3 o 1 

Pabcd = Pabcd +-C[ab Pcd] +—C\abCcd]P 

Tab = Tab+IcabT (53) 

o 

o 

where the notation tA\...,A n m eans that the antisymmetric tensor is Usp (8) irreducible, namely 

has vanishing C-traces: C AlA2 tA 1 A 2 ...,An = 0- 

Starting from equation (45]) and using equation (|l|) we easily find: 



4P a7 V-6T af , 7 ab = 0, (54) 
where we have twice contracted the free Usp(8) indices with the Usp(8) metric Cab- Next, 



using the decomposition (|53"D, eq. (f45|) reduces to 



- 4 (p A BCD,a +- P[CD,a C AB] ) " 3 T[AB 5^ = . (55) 

Now we may alternatively contract equation (^) with C AB or 5^ obtaining two relations on 

o o 

Pab and Tab which imply that they are separately zero: 

Pab=Tab= , (56) 



12 



which also imply, taking into account ( |55| ) 

Pabcd= . (57) 

Thus we have reached the conclusion 

Pabcd^ d^Ye D = 

P AB \ t d^Ye B = (58) 
Tab = (59) 

implying that 69 out the 70 scalar fields are actually constant, while the only surviving central 
charge is that associated with the singlet two- form T. Since Tab is a complex combination of 
the electric and magnetic field strengths it is clear that eq. |59] implies the vanishing of 54 
of the quantized charges g AS , eAs,the surviving two charges trasforming as a doublet of 0(1, 1) 
according to eq. (|17D. The only non-trivial evolution equation relates P and T as follows: 

Pd^Y - | T^W) e A = (60) 

where we have set P = Pd<& and $ is the unique non trivial scalar field parametrizing 0(1, 1). 

In order to make this equation explicit we perform the usual static ansaetze: 
Black hole metric: 

ds 2 = e m ^dt 2 - e-^dx 2 (r 2 = x 2 ) (61) 

Matter fields: 

$ = $(r) (62) 
F~ AS = -^t AS (r) (63) 

47T 

E^~' = i—dt A x i dx i + ^dx j A dx k e ijk (64) 
t AS (r) = 27r(£ + ig(r)) AS (65) 

Using the definitions ©, (HD,(H,(||) we have 

T~ b = i t AS (r)^- 6 O^IraA/ A E,rA/ r i B • (66) 
A simple gamma matrix manipulation gives further 

7^^ = 2i^V 7 i (±l±^) (67) 



and we arrive at the final equation 

f = -^9(r)«InUW4/ r *»jj- («> 
13 



In eq. (0), we have set g AS = since reality of the l.h.s. and of /^(see eq. (|83|)) imply the 
vanishing of the magnetic charge. Furthermore, we have normalized the vielbein component of 
the Usp(S) singlet as follows 

P = AVS (69) 
which corresponds to normalizing the Usp(8) vielbein as 

Pabcd^ = -^PC[abC C d] = -^-C[ AB Ccd] . (70) 

This choice agrees with the normalization of the scalar fields existing in the current literature. 
Let us now consider the gravitino equation (f46|) . Computing the spin connention uo a b from 
equation (|61~D , we find 

dr r 

= 2^-^^V^e u (71) 
dr r 

where V° = e u dt, V 1 = e~ u dx l . Setting = c^^Ca, where £4 is a constant chiral spinor, we 
get 

dr r 



(72) 



- q (r)^ e -C AB lmAf A ^ rA f%. (73) 



where we have used eqs.(flq),(|47|), (p3|). This equation has two sectors; setting to zero the 
coefficient of V° or of V lr fi and tracing over the A, B indices we find two identical equations, 
namely: 

dr 8 r 2 

Instead, if we set to zero the coefficient of V\ we find a differential equation for the function 
/(r), which is uninteresting for our purposes. Comparing now equations (^) and ( ff3| ) we 
immediately find 

$ = 2V3U (74) 



4.1 Explicit computation of the Killing equations and of the reduced 
Lagrangian in the 1/2 case 

In order to compute the l.h.s. of eq.s (|68|), (|73| ) and the lagrangian of the 1/2 model, we need 
the explicit form of the coset representative 1L given in equation (|33"1). This will also enable us 
to compute explicitly the r.h.s. of equations (|68"D, (|?3|). In the present case the esplicit form 
of 1L can be retrieved by exponentiating the Usp (8) singlet generator. As stated in equation 
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(|35*|), the scalar vielbein in the Usp (28, 28) basis is given by the off diagonal block elements of 
Hj^gOL, namely 

Pabcd \ 
, Pabcd / 



P 



(75) 



^From equation (|70|) , we see that the Usp (8) singlet corresponds to the generator 






C [AB C HL] 


C[cdCrs] 






(76) 



and therefore, in order to construct the coset representative of the O (1, 1) subgroup of £7(7), 
we need only to exponentiate $K. Note that K is a Usp (8) singlet in the 70 representation of 
SU (8), but it acts non-trivially in the 28 representation of the quantized charges (cab, 9 AB ^j ■ 
It follows that the various powers of IK are proportional to the projection operators onto the 
irreducible Usp(8) representations 1 and 27 of the charges: 



1 



Pi = -C AB C RS 

o 

P27 = ($rs ~ t;C ab C R s) 



Straightforward exponentiation gives 



(. 



exp($K) = cosh 
+ cosh 



\2v / 3 
V3 



$j P 27 + ^ sinh P27KP27 + 



$ Pi + - sinh 



V3 



$ PiKPi 



(77) 
(78) 

(79) 
(80) 



Since we are interested only in the singlet subspace 



Comparing 



Piexp[$lK]Pi = cosh(— $)P a + -sinh(— $)PiKPi 



P 



singlet 



cosh(^)C AB C C D 


smh(^)C AB C FG 


smh(^)Cc D C LM 


cosh(^)Cc M C FG 



with the equation (|33"D , we find []: 

1 



./ 



8^ 
1 

1 8~72 = 



e ^c AB a 



CD 



e 2 ^CabCcd 



(82) 



(83) 
(84) 



1 Note that we are we are writing the coset matrix with the same couples of indices AB,CD, . . . without 
distinction between the couples AS and AB as was done in sect.(@) 
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and hence, using M = hf 1 , we find 

MABCD = -i\ e-^C AB C CD (85) 



so that we can compute the r.h.s. of ( pq) , (ff3|). Using the relation ( |74| ) we find a single equation 
for the unknown functions U (r), q (r) = CaeC? as (r) 

At this point to solve the problem completely we have to consider also the second order field 
equation obtained from the lagrangian. The bosonic supersymmetric lagrangian of the 1/2 
preserving supersymmetry case is obtained from equation (|37| ) by substituting the values of 
Pabcd and A/asita given in equations (|70|) and ( |39"1) into equation fl37D . We find 



C = 2R- e'^F^F^ + -d^d^ 



J7) 



4.2 The 1/2 solution 

The resulting field equations are 
Einstein equations: 



U" + -U'-(U) 2 = -f$') 2 
r 4 



Maxwell equations: 



Dilaton equation: 



4-(e-^*q(r)) = (89) 
dr 

$" + = J_ (go) 

^From Maxwell equations one immediately finds 

q(r) = e V5 * (r) . (91) 



Taking into account ([74]), the second order field equation and the first order Killing spinor 
equation have the common solution 

U = --\ogH(x) 
4 

$ = -^logiJ(x) 

q = H(x)-I (92) 

where: 

# (*) = 1 + E (93) 
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is a harmonic function describing 0-branes located at xty for £ = 1, 2, . . ., each brane carrying a 
charge eg. In particular for a single 0-brane we have: 

H(x) = 1 + - (94) 
r 

Note that the lagrangian ( E7p and the solution fl9"2] ) agree with the well known case studied in 
the literature describing a single scalar field and a single vector field strength with the peculiar 
value a = \/3 as coefficient of $ in the exponential in front of the vector kinetic term. In the 
notations of an elementary p-brane solution in space-time dimensions D corresponds to a 
metric of the form: 

ds 2 = #(£_l)~ 4a ^- 2 > cbf <g> dxjf 7? M „ + F(x_l) 4a ^- 2 > da£ ® dx{ 5/j (95) 

where H(x±) is a harmonic function of the transverse coordinates, xii are the parallel coordinates 
d — p + 1 is the dimension of the p-brane volume, d = D — 3— p is the dimension of a dual 
magnetic brane and the dimensional reduction invariant A is defined as follows: 

A = a 2 + 2 -^L (96) 

It is a common wisdom that an elementary p-brane preserving 1/2 of the original string or 
M-theory supersymmetry has: 

A = 4 (97) 
implying for 0-branes (p = 0) in four-dimensions (D = 4): 

a = ±VS (98) 

Our derivation completely confirms this result. What we have shown is that the most general 
-BPS'-saturated black hole preserving 1/2 of the N = 8 supersymmetry is actually described by 
the lagrangian (|87D with the solution given by (j92j) , in the sense that any other solution with 
the same property can be obtained from the present one by an E (U-duality) transformation. 



4.3 Comparison with the Dynkin basis formalism 

The computation of the kinetic matrix A/aeta and of the scalar kinetic term has been explicitly 
performed using the structure of the Usp (8) singlet in the so called Young basis, that is in the 
basis where the generators of the coset are written in terms of four index antisymmetric tensors. 
Alternatively, we could have used the intrinsic Lie algebra basis in the Weyl-Cartan formalism, 
which we name the Dynkin basis. Here the Usp (8) singlet generator H among the 70 generators 
of the coset is given as a suitable linear combination of the noncompact Cartan generators 
H a . i = 1, . . . , 7, dual to the simple roots oij. The explicit form of such a linear combination 
is as follows: 

f 3 5 3 \ 

H = a [ ^H ai + 2H a2 + 2^*3 + %H ai + -xH ab + 2H a& + H a7 J (99) 
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a being a normalization constant. In the Dynkin Basis if is a diagonal matrix whose elements 
are given by 



H = diag (s, -s) , (100) 
1 11111 1 1 1 11111 
2' ~2' 2' 2' 2' 2' ~2' ~2' ~2' _ 2' 2' 2' 2' 2' ^ ^ 

(102) 



11 111111 3 1 1 1 1 1 

2' 2' ~2' 2' 2' 2' 2' 2' ~2' ~2' ~2' ~2' _ 2' ~2 



In this basis we immediatly get 

IL D = e* H = (103) 
IL^rflLz) = (104) 
where the coset representative IL^ is written in the Sp (56) real basis: 



JL D = „ n (105) 




The transformation of IL/? from the real S*p (56) basis to the complex U sp (28, 28) basis (see eq. 
(|3~3"D ) is performed by the the Cayley matrix (see eq.(^) ) and we get: 

/ = ^ (A-iB) (106) 

h = ^=(C-iD) (107) 

where in our case B = C = 0. Therefore, in the Dynkin basis, the kinetic vector matrix is 

N =hf- 1 = -IDA' 1 (108) 

The explicit listing of the simple roots of £7(7) , of the weights of its 56-dimensional represen- 
tation and their identification with the scalar fields of M-theory or of type IIA string theory 
compactified on a torus was given in ||. We use those conventions and in particular we refer to 
tables 1, 2 of such a paper. Espressing the vector of the electric and magnetic field strenghts in 
this basis we find that the singlet (determined through computation of the Casimir operator) 
corresponds to a single electric field strength at the 23 rd entry plus a magnetic field strength 
at the 28 + 23 entry of the general 56— dimensional vector, all the other entries being zero. 
Therefore we get 

Mk^F^F^ = e ^F^F 23 ^. (109) 

In order to agree with our previous normalization we set a = In an analogous way we can 
compute the scalar kinetic term. The vielbein is defined as 

P = Tr (iL^cflLff) = Tr (# 2 d$) = 18a 2 d$ (110) 

Therefore 

C scal = k ll P^ = 18a 2 d^d^ (111) 
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where k 11 is the one dimensional inverse metric in the 70 representation. In our case ku = 
Tr (HH) = 18a 2 . This computation enables us to relate the term ^Pabcd^P ABCD>1 to the 
analogue expression computed in Dynkin basis. Indeed, in full generality we have: 

Pabcd^P ABCD ^ = aTr (jL^dLKi) Tr fc^dLKj) k ij (112) 

where Kj are coset generators. In our case we find that, in order to obtain the 

scalar lagrangian normalized as in equation (|8T|), a = \ (once we have fixed a = ^=). The 
normalization a = \ will be confirmed in next section by the same comparison between Young 
and Dynkin formalism at the level of the 1/4 solution. 



5 Detailed study of the 1/4 case 

Solutions preserving \ of N = 8 supersimmetry have two pairs of identical skew eigenvalues 
in the normal frame for the central charges. In this case the stability subgroup preserving the 
normal form is 0(5,5) with normalizer subgroup in £(7,7) given by SL (2, IR) x 0(1,1) (see 
|i~0|), according to the decomposition 

£ (7l 7) D O (5, 5) x SL (2, M) x O (1, 1) = G stab x G norm (113) 

The relevant fields parametrize SL ^^ x 0(1,1) while the surviving charges transform in the 
representation (2, 2) of SL (2, R)xO (1, 1). The group SL (2, IR) rotates electric into electric 
and magnetic into magnetic charges while 0(1,1) mixes them. 0(1,1) is therefore a true 
electromagnetic duality group. 



5.1 Killing spinor equations in the 1/4 casersurviving fields and 
charges. 

The holonomy subgroup SU (8) decomposes in our case as 

SU (8) -> Usp (4) x SU (4) x U (1) (114) 

indeed in this case the killing spinors satisfy (|T9| ) where we recall the index convention: 

A,B— 1 ... 8 SU(8) indices 
a,b = 1 ... 4 Usp(4) indices 

X,Y = 5...8 SU(A) indices (115) 

and C a b is the invariant metric of Usp (4). With respect to the holonomy subgroup 

SU (4) x Usp (4), Pabcd and Tab appearing in the equations ([45]), (§H) decompose as follows: 

70 Us ^ u ^ (1,1)©(4,4)©(5,6)©(1,6)©(4,4)©(T,T) 

28 ^W^W (i, 6) e (4, 4) ©(5,1) ©(1,1) (116) 
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We decompose eq. (f45| ) according to eq. ( |116| ). We obtain: 

Sxxyz = (117) 
SXaXY = (118) 

SX ab x = C ab 5 X a b x=0 (119) 
SXabc = C [ab 5 Xc] =0. (120) 

^From 5xxyz = we immediately get: 

PxYZa, a d^ a = (121) 

by means of which we recognize that 16 scalar fields are actually constant in the solution. 
^From the reality condition of the vielbein Pabcd (equation (|36| ) ) we may also conclude 

Pxabc = P X [aC bc] = (122) 

so that there are 16 more scalar fields set to constants. 
^From SxaXY = we find 

PxY^^ea = T XYilvl ^e a (123) 
PxYa^d^ 1 = (124) 

where we have set 

1 

PxYab =PxYab +^C a bPxY (125) 

Note that equation ( |124j ) sets 30 extra scalar fields to constant. 
^From Sxxab = 0, using ( |122| ), one finds that also T Xa = 0. 
Finally, setting 

Pabcd = C[ ab C c c£\P (126) 
Tab = fab+\C ab T (127) 

the Killing spinor equation 5xabc = C[ab^Xc] = yields: 

Tab = (128) 
WY7°-^pT P ea = (129) 



Performing the gamma matrix algebra and using equation (|67|) , the relevant evolution equations 
(P3D , QI29D become 



PxY,i-r = 2i(g + iq(r)) AE ImN A x, rA f A XY - (130) 
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According to our previous discussion, Pxy,i is the vielbein of the coset f^fj > which can be 
reduced to depend on 6 real fields since, in force of the SU (8) pseudo-reality condition 
PxY,i satisfies an analogous pseudo-reality condition. On the other hand Pj is the vielbein of 
S u(i) ' anc ^ ^ * s intrinsically complex. Indeed the SU (8) pseudo-reality condition relates the 
SU (4) singlet Pxyzw to the £7sp (4) singlet P a ft c d- Hence Pj depends on a complex scalar field. 
In conlusion we find that equations ( |130| ) are evolutions equations for 8 real fields, the 6 on 
which PxY,i depends plus the 2 real fields sitting in Pj. However, according to the discussion 
given in section |^, we expect that only three scalar fields, parametrizing x O (1, 1) should 

be physically relevant. To retrieve this number we note that O (1, 1) is the subgroup of O (1, 6) 
which commutes with the stability subgroup O (5, 5), and hence also with its maximal compact 
subgroup Usp (4) x Usp (A). Therefore out of the 6 fields of we restrict our attention to 

the real field parametrizing O (1, 1), whose corresponding vielbein is C XY Pxy = Pid$i. Thus 
the second of equations ( |130|) can be reduced to the evolution equation for the single scalar 
field $i, namely: 

P 1 d ^- = -2q{r)^\mN^fxY 4 (131) 



In this equation we have set the magnetic charge g AS = since, as we show explicitly later, 
the quantity IhiA/aeja,/ 1 ^ i s actually real. Hence, since the left hand side of equation 



is real, we are forced to set the corresponding magnetic charge to zero. On the other hand, 
as we now show, inspection of the gravitino Killing spinor equation, together with the first of 
equations ( |130| ), further reduces the number of fields to two. Indeed, let us consider the Sip a = 
Killing spinor equation. The starting equation is the same as ([72]) , (fS|). In the present case, 
however, the indices A,B,... are SU (8) indices, which have to be decomposed with respect to 
SU (4) x Usp (4) x U (1). Then, from 5^ x = 0, we obtain 

{l* = 0; T Xa = (132) 

^From Sip a = we obtain an equation identical to ( [72]) with SU (8) indices replaced by SU (4) 
indices. With the same computations performed in the Usp (8) case we obtain the final equation 



dr 4 r 2 



—a (r) A " -^C ab \mN^f T/ t b , (133) 



where we have taken into account that C a6 ImA/AE,rA/ r ^fe implying the vanishing of the magnetic 
charge corresponding to the singlet of U (1) x SU (4) x Usp (4). Furthermore, since the right 
hand side of the equation ( |130| ) is proportional to the right hand side of the gravitino equation, 
it turns out that the vielbein Pj must also be real. Let us name $2 the scalar field appearing in 
left hand side of the equation ( |130|) , and P2 the corresponding vielbein component. Equation 
(|130|) can be rewritten as: 



p *^r = -h ^ l ^^Af rA xY c XY - 2 < 1 3 1 ; 

dr 8 r z 



In conclusion, we see that the most general model describing PPS'-saturated solutions 
preserving -r of iV = 8 supersymmetry is given, modulo £(7)7 transformations, in terms of two 
scalar fields and two electric charges. 
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5.2 Derivation of the 1/4 reduced lagrangian in Young basis 

Our next step is to write down the lagrangian for this model. This implies the construction of 
the coset representative of ^jny^ X 0(1,1) in terms of which the kinetic matrix of the vector 
fields and the cr-model metric of the scalar fields is constructed. 

Once again we begin by considering such a construction in the Young basis where the 
field strenghts are labeled as antisymmetric tensors and the £7(7) generators are written as 
Usp(2S, 28) matrices. 

The basic steps in order to construct the desired lagrangian consist of 

1. Embedding of the appropriate SX(2,IR) x 0(1,1) Lie algebra in the U spy (28, 28) basis 
for the 56 representation of £7(7) 

2. Performing the explicit exponentiation of the two commuting Cartan generators of the 
above algebra 

3. Calculating the restriction of the 1L coset representative to the 4-dimensional space 
spanned by the Usp(A) x U sp(4) singlet field strenghts and by their magnetic duals 

4. Deriving the restriction of the matrix Aas to the above 4-dimensional space. 

5. Calculating the explicit form of the scalar vielbein p ABCD and hence of the scalar kinetic 
terms. 

Let us begin with the first issue. To this effect we consider the following two antisymmetric 
8x8 matrices: 



WAB = ~^BA 



c 












VLab — —Qba 












c 



(135) 



where each block is 4 x 4 and the non vanishing block C satisfies Q: 

C T = -C ; C 2 = -1 (136) 

The subgroup Usp(4:) x Usp(A) C SU (8) is defined as the set of unitary unimodular matrices 
that preserve simultaneously w and Q: 

A e Usp(A) x Usp{A) C SU(8) <-> A ] wA = w and A ] VlA = ft (137) 

Obviously any other linear combinations of these two matrices is also preserved by the same 
subgroup so that we can also consider: 



I 

t ab = 2 ^ Wab ^ ^ab) 



c 








±c 



(138) 



2 The upper and lower matrices appearing in loab and in Qab are actually the matrices C a b, a,b — 1, . . . ,4 
and Cxy X,Y = 1, . . . ,4 used in the previous section. 
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Introducing also the matrices: 



1 





















1 



(139) 



we have the obvious relations: 

7t AB = -w ac w C b ; n AB = -Vt AC vt CB (140) 

In terms of these matrices we can easily construct the projection operators that single out from 
the 28 of SU (8) its U sp(A) x U sp(A) irreducible components according to: 

28 Usp ^ sp W (i,o) ©(0,1) ©(5, 0)©(0, 5) ©(4, 4) (141) 

These projection operators are matrices mapping antisymmetric 2-tensors into antisymmetric 
2-tensors and read as follows: 

r AB RS - | W AB ^>RS 



P 



(0,1) 
AB RS 

(5,0) 



&AB &<RS 



^AB RS = 2 ( nAR 71 BS ~ 71 ~ AS 71 ~ BR ) ~ 4 WAB WRS 

(0,5) 



IP 



AB RS 



V 



(4,4) 
AB RS 



2 (Ji-AR n_B5 — IIas II_Br) — - &AB QrS 

- {karRbs + H-ar^bs - n AS IlBR - Raster) 



We also introduce the following shorthand notations: 



pAB 
l RS 


1 ( 

= 2 VKarKbs ~ 


' ^AS^Si?) 


T AB 
^RS 


= 2 (H-ar^bs ■ 


- n^ris^) 


jjABCD 


= zu^ B zu CD ^ = 


i 

3 


'AB CD , AC DB , AI3.BC" 
CC7 ZD + ZD ZD + ZD ZU 


W ABCD 


= rt AB n CD ^ = 


1 

3 


n AB ^CD + n AC ^DB + fi AD Q BC 




r?ABCD 


EE r^ 5 ^ = 


1 
6 





+ n AB w CD + u; DB + n AD w BC 

Then by direct calculation we can verify the following relations: 

4 



Zabrs Zrsuv 
Uabrs Ursuv 
Wabrs Wrsuv 



(p 



(1,0) , Tp(o,i) , ^ 

AB UV Jr AB UV ^ AB UV , 



)(4,4) 



(/AB 
-UV 



9 

4 7- AB 

g L uv 



(142) 



(143) 



(144) 
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Using the above identities we can write the explicit embedding of the relevant SL(2, 1R) x 0(1, 1) 
Lie algebra into the £7(7) Lie algebra, realized in the Young basis, namely in terms of Usp(28, 28) 
matrices. Abstractly we have: 



SL(2, R) algebra 
0(1, 1) algebra 



[L ,L ± ] 
C 



-2L 
±L ± 



(145) 



and they commute 



[C,L ± ] = [C,L ] = 



The corresponding £7(7) generators in the 56 Young basis representation are: 






3 (jjABFG _|_ y^ABFG^ ' 


1 (Ulmcd + Wlmcd) 






±1 


f pAB _ jAB\ 
y l CD ^CD j 




if 


( jjABFG _ ^yABFG\ 




— i f {Ulmcd — Wlmcd) 




( nLM T LM \ 
\^FG ^FG ) 





c 






igABFG 


\Zlmcd 






(146) 



The non-compact Cartan subalgebra of SL(2, R) xO(l, 1), spanned by Lq , C is a 2-dimensional 
subalgebra of the full E 7 ^) Cartan subalgebra. As such this abelian algebra is also a subalgebra 
of the 70-dimensional solvable Lie algebra Solv 7 defined in eq. (|i~6"|). The scalar fields associated 
with Lq and C are the two dilatons parametrizing the reduced bosonic lagrangian we want to 
construct. Hence our programme is to construct the coset representative: 



P($i, $ 2 ) = exp [$iC + $ 2 ^o] 



(147) 



and consider its restriction to the 4-dimensional space spanned by the C/sp(4) x Usp(4) singlets 
wab and VLab- Using the definitions ( |142| ) and ( |143| ) we can easily verify that: 



P 



(1.0) 

AB RS 



3 gRSUV p(1.0) 



UV PQ 



p(0,l) 
P 



6 yRSUV Tp(0,l) 
T * ^UV PQ 

3 yRSUV W°.i) 
AB RS^^ U 1 

10(0,1) 3 yRSUV rp(l,0) 
^ AB RS~ & ^ T 



AB RS 
(1,0) 



[/V PQ 



UV PQ 







1 

8 

In 



AB ttpQ 



(148) 



and similarly: 



P 



(1,0) 

AB RS 



! ^ uv 4. jy RS,f/vN ) p(l,0) 



f/V PQ 



i 1 p(1.0) 
2 ^ PQ 
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v { l$*(u RSUV + w RSUV )i>W PO = 



AB RS ^ \ u J * UV PQ 

ip(0,l) 3 /rrWin/flSW'l Tp(0,l) i Tp(0,l) 

AB RS^ \ U + VV J *UV PQ — Q AB p Q 

Tp(o,i) 3 Rgf/v- ip (i.o) _ n 

^AB RS ^ -^[/VIPQ _ " 



(149) 



This means that in the 4-dimensional space spanned by the Usp(A) x Usp(A) singlets, using 
also the definition ( |13S| ) and the shorthand notation 

$ ± = ^—L (150) 

the coset representative can be written as follows 

exp [$iC + $ 2 L ] = (151) 

(152) 
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i 
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T4B 


T CD 


+ cosh$ |r AB r CD 


sinh $ + 
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T AB 


T CD 


+ sinh $ 


i 

2 


Tab Tcd 


sinh $ + 


1 

2 


r + 
'AB 


T + 
'CD 


+ sinh $~ | r" B r^ D 


cosh $ + 


1 
2 


T + 
'AB 


T + 
'CD 


+ cosh $~ 


1 

2 


Tab t cd 



Starting from eq.( |152| ) we can easily write down the matrices /ab cd, ^ab cd and Nab cd- We 
immediately find: 

Iab cd = -j= (exp[$+] - tXb tcd + exp[$~] - t ab t cd 
i / , _ L , 1 , r _ , 1 



^4B cd = j^exp[-$ + ] - rl B Tcd + exp[-$ ] ~ r AB t cd 

N ab cd = -7 fexp[-2 $+] J r+ B r+ D + exp[-2 $~] - r AB r CD ) (153) 



To complete our programme, the last point we have to deal with is the calculation of the scalar 
vielbein p ABCD . We have: 

IL _1 ($i,$ 2 )dIL($i,$2) = 

/ n 

3 

i 








f jjABFG + p^ABBG^ 




MiZ LMCD + d ^ 


( jjLMCD _|_ yyLMCD^ 








so that we get: 



(154) 



pABCD = ^ 3 ^ABCD + ^ 3 fjjABCD + W ABCD\ ^ 



4 - i 

and with a straightforward calculation: 



^f CD ^ABCD = \ + 3 <9^ 2 (156) 
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Hence recalling the normalizations of the supersymmetric N = 8 lagrangian (|37|), and intro- 
ducing the two Usp(4:) x £7sp(4) singlet electromagnetic fields: 



.4 



AB 



Ta 



we get the following reduced Lagrangian: 



A], + r 4 R .4.^ + 26 non singlet fields 



(157) 



1/4 
red 



-g 



2R{g] + ^d^d^ + i^$ 2 ^$ 2 



- exp [-$! - $ 2 ] (V ) 2 - exp [$! - $ 2 ] fc" 2 



Redefining: 

$1 = ^/^1 ; ® 2 = h 2 
we obtain the final standard form for the reduced lagrangian 



(158) 
(159) 



C 



1/4 
red 



-9 
exp 



2R[g] + -d^hd^h + -diM&h* 



V2h,~ h 2 ] (F^) 2 - exp [V2h - h 2 ] (Fl) 



(160) 



5.3 Solution of the reduced field equations 



We can easily solve the field equations for the reduced lagrangian (|160|) . The Einstein equation 
is 



if f \u> - {u'f = \ (h\f + \ 



(h' 2 y 



(161) 



the Maxwell equations are 



V2h[ - h' 2 
- \/2 h\ — h' 2 



(162) 



the scalar equations are 



h'[ + -h[ 

r 



K + ~h 2 

r 



9^4 V 



V2: 
2H ( e 



h 2 +2U Jl /D -V2h 1 -h 2 +2U „2 
H2 e 



s/2h 1 -h 2 +2U 2 | -^/2hi-h 2 +2U „2 



The solution of the Maxwell equations is 

qx (r) 
q 2 (r) 



qie 
q2e 



q 2 + e 



V2h!+h 2 
-V2hi+h 2 



«?)■ 



(163) 



(164) 
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where 



q 2 = q 2 (oo) 



(165) 



and 



h 2 = -- log H X H 2 
U = --\nH t H 2 



(166) 



HAr) 



H,(r) 



i + E 



x — X 



(2) 



(167) 



are a pair of harmonic functions. 

5.4 Derivation of the 1/4 reduced lagrangian in Dynkin basis 

The 1/4 reduced lagrangian can be alternatively computed in the Dynkin basis. According 
to the previous group theoretical analysis, the lagrangian can depend only on the scalars that 
parametrize the normalizer x 0(1,1). Figures 1 and 2 show graphycally the splitting 

a, 



a 



a 



a 



a 



a, a 
E 

7(7) 

figure 1 

£7(7)7 -> O (5, 5) x SL (2, R)xO (1, 1) dictated by the SLA decomposition (0} (see also @). 
The generator of O (1, 1) is the Cartan generator contained in the O (6, 6) subspace commuting 
with SL(2,1R), that is 



Ui — a[ H ai + H a2 + if Q3 + H aA + -# a5 + 



(Mi 



(168) 
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a 2 a 3 a 4 a 6 (3 
0(1,1) 0(5,5) SL(2,R) 

figure 2 

On the other hand, the two solvable generators are the Cartan generator and the positive 

root generator corresponding to the exceptional root (3 = ai + 2a2 + 3a3 + 4a4 + 2a5 + 3aQ + 2ar, 
which commute with O (6, 6) (see As we have seen from the Killing spinor equations that 

one of the two scalars corresponding to these two generators is constant, so we can consider 
only one of these two generators. 

The correct choice of the surviving generator corresponds to the choice of the local SU (8) 
gauge fixing. Indeed, since the SL (2, H) subalgebra commutes with O (5, 5) x O (1, 1), once the 
generators of the noncompact part of SL (2, 1R) are given, we are free to select which of them is 
identified with Hp and which with Ep + E_p. This choice affects our results only when we define 
the solvable parametrization of SL jj^ , which is given in terms of Hp and Ep. This is achieved 
by adding the compact generator Ep — E-p to Ep + E_p. In this way the coset parametrization 
given in terms of {Hp, Ep} becames the solvable parametrization in terms of Hp, Ep. This 
procedure amounts to singling out a particular parametrization of the coset, which implies the 
SU (8) gauge fixing. We choose the Cartan generator 

u 2 = s (H ai + 2H a2 + 3H a3 + AH aA + 2H a5 + 3H aa + 2H ar ) . (169) 

which corresponds to take as scalar field a dilaton instead of an axion field. 
In our Dynkin basis the coset representative is 

IL D = e *i«i e *3U2 = (A B \ (170) 



and, since the off-diagonal submatrices B, C are zero, the kinetic matrix (see equation 
becomes 

M=-iDA-\ (171) 

The previous analysis of the Killing spinor equations shows that there are no magnetic charges 
and only two quantized electric charges corresponding to the O (5, 5) singlets (recall that the 
quantized charges belong to the 56 of E^ 7 ). Looking at the quadratic Casimir operator of 
O (5, 5), we find that the singlets are at the positions 17, 23, 45, 51 of the 56-dimensional vector, 
two of them being electric and the other two magnetic. However, we know that the Killing 
spinor equations are fulfilled only if both the charges are electric. To select which of these 
four charges are electric and which mangnetic we resort to the equation of motion following 
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from the lagrangian. It turns out that the equation of motion give a solution with two electric 
charges only choosing the singlets corresponding to the positions 17,51. Alternatively, if we 
have choosen the charges at positions 17, 23, we would have obtained equations of motion ad- 
mitting configuration with one electric and one magnetic charge (and not preserving one fourth 
supersymmetry) . We now show that the corret choice gives the same lagrangian previously 
obtained via the Young method. We set 



r f 17 = f 1 
f=If 51 = f 2 

I others zero 

and furthermore we fix the normalizations of the scalar fields setting a 
find: 



-i S 
2' a 



(172) 



~. Then we 
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-P 



A£|rA-f> F "* = - [e 2 F 1 +e 
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ABCD\ii 



pABCD\/i 



12 



Tr ( ILrMlLlK, ) Tr ( IL^dlLIK; ) k lJ 



(173) 



(174) 



reproducing the lagrangian (|160|) , provided the redefinitions ( |159| ) are performed. In the previ- 
ous formula is the inverse of the metric of the representation 70 kij = Tr (KjKj). Actually 
kij is restricted to the generators u±, u<i and is given by 



k- ■ 



3 
6 



(175) 



5.5 Fitting the 1/4 reduced action into the general framework of 
p— brane taxonomy 

The reduced action we have found for the N = 8 black holes with 1/4 supersymmmetry is 
a particular case of a general action involving I scalar fields h 1 (i = 1, . . . ,£) and the field 
strengths of £ p + 1-forms A a (a = 1, . . . , £), studied by Pope and Lu ||. The action reads 0: 



Spl 
£>pl 



Cpr d D X 



8=1 



(_1)P+1 

2(p + 2)! 



J^exp 



-2A a ■ h 



a=l 



(176) 
(177) 



where A a are I constant vectors, each with ^-components. In our interpretation A a are weights, 
but what is crucial in the present discussion is that these weights have a number of effective 

3 The normalizations used in this section are the same as we used in the rest of the paper, except that the 
field strength F^ v which in the rest of the paper is defined as F = F^dx^ 1 A dx v -► F tiv = \ (9 M A W - d v A ll ) 
is now defined as F^ v = (d tl A u — d v A^,). The same observation applies to the (j> + 2)-forms i 7, Atl ... Atp+2 which are 



defined as F u 



permutations. This explains the presence of the extra factor 



in the (p + 2)-form kinetic lagrangian in ( 177 ) 



Tp+W- 
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components equal to the number of field strenghts in the game. Our lagrangian ( |160| ) is of the 
form (|177|) with: 



D 
Ai 

A 2 



4 ; p = 
(2y/2, 2) 

2y/2, 2) 



The field equations derived from the action (|177|) are the following ones: 
Einstein equation: 



2 R^u 
where 



s. 



1)p +l I 

TV. § exp 



2(P ■ v a=1 
dilaton equation: 

1 



-2A„ • /i 



pa p« _ P 

.... - (jD _ 2 )(p + 2) 



-fj 



gg^d v H' 



\ ' - t Y (-2A1) exp 
2(^ + 2)!^ v <*; p 



Maxwell equation: 



-5 exp 



-2A a • ft, 



a=l 







Writing for the metric the usual p-brane ansatz: 

rfs 2 = exp[2A(r)] rfx a ® dx h r] ab - exp [25 (r)] dy n 



dy m 5 r , 



(178) 

(179) 
(180) 

(181) 

(182) 

(183) 
(184) 

(185) 



,p), y n are the transverse 



where x a are the coordinates on the world-volume (a = 0, 1, 
coordinates (n = p + 1, . . . , D) and A(y),B(y) are two suitable function depending only of the 
transverse coordinates, the crucial observation made by Pope and Lu is that, provided a certain 
algebraic condition on the weight vectors A a is satisfied, then one can write a general solution 
of the differential system ( |180| ),( |i~8"2|) , ( |184| ) in terms of exactly £ harmonic functions: 



H a (y) 



E 



k, 



(y- y 



am) 



D-p-3 



(186) 



the constants yr am ) denoting the location of the p-brane singularities and the constants ki arn \ 
denoting the charges concentrated on such singular loci. 

The algebraic condition is as follows. Define the I x I matrix: 



and search for a set of I sign choices: 



M af3 = AA a ■ 

+1 
or 
-1 



;i87) 



(188) 
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such that the following equation is satisfied: 



M, 



af3 



AS 2 {p + 1){D ' P ~ 3) r e 

4 O a /3 — * £ a £/3 



(189) 



If a solution to eq. ( |189|) exists, then in terms of the corresponding e a and of the I harmonic 
functions ( |186| ) the complete BPS solution of the equations of motion can be written in a 
universal form. Setting: 



we have 



(f a = —2A a ■ h 



(190) 



.4 



metric: 
D-p- 
p+l 
dilatons: 
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E lo § H o 
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pa 



log 



(p + l)(D-p-3) 
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log 
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(191) 
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Maxwell fields : 
( _ )P+ i • 



1 + e a ) dx ai A ... A dx ap+1 e ait ... ap+1 dy T 



d 



dy r 



HZ 



+- (l-e a ) dy m > A ... dy 



m p+ 2 



-mi ... m p+ 2 n 



_d_ 

dy r 



h: 



(193) 



As one can see the choice of the e a sign decides whether the field strength F a is electric or 
magnetic. In dimensions D and for a generic value of p only the electric possibility is allowed 
so that in order to get a solution the e a satisfying eq.( |189|) should all be positive. Indeed, in 
order for the two addends in eq. ( |193j ) to make simultaneous sense it is necessary that 



D -p-l=p+2+l 



D = 2(p + 2) 



(194) 



which is satisfied only in even dimensions and by -^^-branes. In this special case which is 
precisely that relevant to us, since we have D = 4, p = 0, there are solutions with both positive 
and negative e a . These are generalized dyons involving both electric and magnetic charges. 

If we apply these general formulae to the case of the lagrangian ( |160| ) we can immediately 
obtain the BPS solution that via U-duality transformations generates the most general 1/4 
SUSY preserving black-hole. Inserting the weight vectors ( |178| ) into eq. ( |187p we obtain: 



M 



3 -1 
-1 3 



which by comparison with eq. (|189|) leads to the solutions 

E\=Ei = \ or E\= E 2 -- 



(195) 



(196) 
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So we either have a purely electric or a purely magnetic solution. If we choose the electric one, 
specializing the general formulae (|191|) , (|192|) , (|193|) , we obtain: 



ds 2 = {H x H 2 y 1/2 dt 2 - (Hi H 2 ) 1/2 (dr 2 + r 2 d£l 2 

h 2 = —log^fra] 

F 1 ' 2 = -dt A dx ■ 4- (H l2 Y l (197) 

ox 



which is nothing else but the same solution we have already directly derived from eq.s ( |166| ), 
(|163|) , ( |164j ). Hence we have a perfect fit of the general 1/2 and 1/4 supersymmetry preserving 
solutions into the general taxonomy of p-branes devised by Pope and Lu. 

5.6 Comparison with the Killing spinor equations 



In this section we show that the Killing spinor equations ( |131| ), ( |134| ) are identically satisfied 



by the solution ( |197p giving no further restriction on the harmonic function Hi,H 2 . Using the 
formalism developed in section 5^2 the equations (|131|) , (|134|) can be combined as follows: 



16 d$ 2 d$i As [±)AB . rA e u 

3 dr dr r z 



where 



pa = lc ab c cd p abcd = hj ABCD p ABCD = \d<$> 2 



Pl d^ = C XY C ab P XYab = Z ABCD P ABCD = 2d<^ 1 (199) 



furthermore, using equations (|153|) , we have 

lmAf A ^ rA f% = X -= ( e -* +r (+)AS r (+)AB + e ^_ r (-)AE r (-)AB) (20Q) 



2^2 

Therefore, the equation (|198|) becomes 



4 * 1±2 lir = 4 ^« — < 201 > 



Using equation ( |157|) we also have 



.(+)„as 



1 



r&q^ = ^ft(r). (202) 
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Comparing equation ( |197| ) with (|33|), fl64|), (|65|), we obtain 



q 2 = - r ^^Jf 2 . (203) 

Using all these informations, a straightforward computation shows that the Killing spinor equa- 
tions are identically satisfied. 



6 Conclusions 

This paper extends the analysis of ref. || to BPS saturated black holes preserving 1/2 or 1/4 
of the N = 8 supersymmetry. Relying on the SLA approach to the non compact coset space 
spanned by the scalar fields we have determined by purely group theoretical tools how many 
of the scalar fields are essentially dynamical, in the sense that by an appropriate [/-duality 
rotation all the other can be set to a constant value, in particular to zero. The same analysis 
also fixes the number of non-zero charges and how they transform under the relevant normalizer 
group of the stabilizer of the charge in the normal frame. 

The Killing spinor equations were also analysed in a group theoretical fashion and they 
confirm the predictions of the SLA approach giving in the 1/4 case the extra information that 
one of the scalar fields is actually zero. We were able to solve explicitly the differential equations 
of the Killing spinor equations coupled to the Lagrangian of the theory reduced to the relevant 
scalar fields and electromagnetic field strengths allowed by our analysis. These solutions fit 
nicely in the general framework of "p-brane taxonomy" studied in ||. 

In conclusion we have now a solution and a thorough group-theoretical understanding of 
the 1/2 and 1/4 preserving BPS saturated black holes. The most general solution is obtained 
by acting on it by a U-duality transformation on the normal frame configuration. Note that in 
ref || the same SLA analysis was given for the 1/8 preserving solution yielding the result that 
the STU model is the most general 1/8 model modulo U-duality transformations. However, 
the most general solution could not be derived explicitly, but only one where the axion fields 
are set to zero. It would be nice also in this case to obtain the most general solution. We know 



that work is progressing on this issue [23 . 
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